z = transformed distance variable as defined by Equa-

tions (21), (22) or (23)

Greek Letters

(] = klt

¢ = enhancement factor. M/M,®

¢4 = maximum relative increase in diffusion rate
Subscripts

B = located in liquid bulk

I = absorption situation

II = desorption situation

Superscript

* = located at gas/liquid interface
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Convective Dispersion of Blood Gases in
Curved Channel Exchangers

HSIN-KANG CHANG and LYLE F. MOCKROS

Northwestern University, Evanston, lllinois

The rates of hemoglobin saturation and carbon dioxide reduction in blood flowing in a
curved channel membrane exchanger were studied theoretically by considering the fluid-
limited process and the wall-limited process. The fluid-limited process was studied for laminar
flows with aond without secondary circulations. The relatively nontraumatic centrifugally
induced circulations in the curved channel can reduce the required channel length to less than
1/500 that required for unperturbed flow. Such improvement, however, is practical only if very
permeable membranes are available. If the Po, = 715 mm. Hg and Pco, = 0 mm. Hg ot
the walls, the fluid-limited analyses show oxygenation to be the slower process and the wall-
limited analyses indicate COy removal to be the limiting process. 1f the best available
silicone rubber membranes are used, the process will be fluid limited for the unperturbed flow

and wall limited for the flow with secondary circulations,

The use of auxiliary respiratory gas exchangers to restore
venous blood to arterial conditions is commonplace today
in cardiac surgical procedures. Nevertheless, the need
remains for better designed exchangers, and much of the

Hsin-kang Chang is at the State University of New York, Buffalo, New
York.
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current interest centers on development of membrane ex-
changers. Recent analyses have described the characteris-
tics of membrane exchangers consisting of straight tubes
(23, 2), coiled tubes (24, 6), oscillating coiled tubes (8),
annuli with stationary walls (4), annuli with an outer
moving wall (12), and a rectangular channel with one
moving wall (22). With the presently available membranes
and with reasonable sizes, the analyses indicate that the
process is limited by the gas transfer in the fluid phase
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Fig. 1.

Geometry and notation for curved
channel.

unless some transverse mixing is induced. A relatively
gentle (imperative in any blood handling) and effective
method of mixing is to induce secondary circulations. The
present paper considers the gas transfer to and from blood
flowing in a curved channel. The flow is assumed to be
driven by a pressure gradient. Parallel laminar flow in
curved channels exhibits centrifugal instability for critical
conditions, The instability induces a second laminar mode
with a secondary circulation in the form of cellular vortices
(3). These vortices can greatly enhance the gas transfer
in the fluid phase and thereby greatly improve the overall
efficiency.

If the gap width, as shown in Figure 1, is small com-
pared with the mean radius; that is

1
g=ro—ri<<?(n+ro)=rm (1)

the channel may be considered as the space between
parallel planes and the unperturbed flow may be described
by the velocity distribution for plane Poiseuille flow.
Throughout this analysis, the condition given by Equation
(1) is assumed to hold.

For both ease of analysis and ease of presentation, the
gas transfer process is studied by investigating two limiting
cases: the fluid-limited case and the wall-limited case. The
fluid-limited analysis assumes that the membrane is infi-
nitely permeable to the gases and involves the solution of
nonlinear convective diffusion equations. The wall-limited
analysis assumes that the mixing is instantaneous and only
requires the solution of the steady state diffusion equation

100

90

80

70

Average 0, Saturation (%)

60

I!III I | 1

00i [oX] 1.0

50 L " ] !

Yy =55y
Fig. 2. Average oxygen saturation of sample exiting channel ex-
changer as a function of dimensionless channel length ond
parametrically as a function of entrance saturation. The flow is
assumed to be unperturbed lominar flow and the exchange process
is assumed to be fluid limited. Hemoglobin concentration is 15 g.%.
The wall Po, is 715 mm. Hg.
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for the wall, In the fluid-limited case the convective diffu-
sion equation contains a term representing the source-sink
characteristics for the respiratory gases in blood. Derived
from dissociation curves (23), the term may be approxi-
mated by an exponential function
f(C) = 234 exp (—2.57 X 10* C)

+ 40.6 exp (—2.25 X 104 C 4 1.14) (2)
for the case of oxygenation and a constant
f(C) =9.0 (3)

for the case of carbon dioxide removal. The f(C) for oxy-
genation is an accurate curve fit; the f(C) for carbon
dioxide is only a linearization of the absorption curve and
as such is a first-order approximation.

FLUID-LIMITED ANALYSIS: UNPERTURBED
LAMINAR FLOW

Oxygenation

In Cartesian coordinates the plane Poiseuille velocity
distribution is

3 x \2
Vy<x)=-2—vm[1—4(g)] (4)
in which Vi, = — (g2/12p) (dp/dy) is the mean velocity.
Defining the dimensionless variables
D V.
x® = _‘.X_i; y” = Yy, Vy* = N (5)
g Vng? Vi

one may write the gas transport equation (23, 19, 4) in
Cartesian coordinates:

1 Cvuacnazc (D>282C()
n+ienve —o=am+ (5p) 5

The last term in Equation (6) represents tangential dif-
fusion and is a product of two small quantities in compari-
son with the other terms, so the equation solved is

3 aC a2C
1 C)] — (1 — 4x*2 = 7
MHHO15 A& —o=a (D)
The boundary conditions are
C(x*,0) =C, (8)

Average O, Saturation (%)

._.D
Y-QQY

Fig. 3. Average oxygen saturation of sample exiting channel ex-

changer as a function of dimensionless channel length and paro-

metrically as a function of the wall Po,. The flow is assumed to be

unperturbed laminar flow and the exchange process is assumed to be

fluid limited. The hemoglobin concentration is 15 g.% and the en-
trance saturation is 75%.
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Fig. 4. Average carbon dioxide concentration of sample exiting
channel exchanger as a function of dimensionless channel length
and parametrically as a function of wall conditions. Broken line is
adapted from analytical solution for heat transfer problem (74).
Flow is assumed to be unperturbed laminar flow and the exchange
process is assumed to be fluid limited.

1
C (—?y")=Ce; y>0 (9)

and
1
C(?,y“) =C0; y>0

The system defined by Equations (7) and (10) was
solved numerically with an explicit finite-difference method.

Since the term involving D/V,,g is omitted. the solution
of Equation (7) is independent of this parameter. A para-
metric study of this problem was made by varying the
initial oxygen saturation conditions in the blood and the
boundary values. The results of various entrance satura-
tions with the oxygen pressure at both walls held at 715
mm. Hg are shown in Figure 2. The curves in Figure 3
are the solutions obtained, with a 759 entrance saturation,
for various oxygen pressures at the walls. The ordinates on
Figure 2 and Figure 3 are the oxygen saturation of a cup-
mixed sample exiting the exchanger.

(10)

Carbon Dioxide Removal

The dimensionless equation for carbon dioxide removal
is

ac*  92C* D \2 g2 C*
10 Vy* —= 4+ ( ) (11)
dy ax*2 Vg / 8y*2
where x*, y*, and V* are defined in Equation (5) and
C-—-G;
C == ——
C._C (12)

As in the previous case, the longitudinal diffusion term
can be neglected. Thus

080 T T T T T T / T T T L L ,OO
T
8 - 95 3
5 085 - &
5 / <
£ 4 90 B
c = <3
] 4 ]
5 090 + / S
[&] e 02 Saturation 2
~ N B ~
o (159gm % Hb, 75% 85 O
© initial saturation, g
:,')’ 095 Po, = 715 mm Hg g
5 at both walis) - 80 <>t
3 ~— — €O, Concentration
{C* =0 at both walls)
IOO | L B I SO W B | I 1 1 1 L4 1} 75
(¢]0]] (o8] |
* _ D
Y g5y

Fig. 5. Comparison of fluid-limited oxygen uptake and carbon di-
oxide removal for laminar unperturbed fiow in channel exchanger.

was solved with the following boundary conditions:

C*(x%,0) =1 (14)
C"(-—-—;—,y‘)=0 (15)
ce (-é-y) =%—:—gi (16)

Numerical solutions were obtained for two cases: both
walls with zero carbon dioxide concentration, that is, C, =
C; = 0; and inner wall (or lower plate) with zero con-
centration and outer wall (or upper plate) impermeable,

aC

that is, C; = 0, v \ = 0. The results are plotted in

o

Figure 4.

An analytical solution of the first case has been obtained
by Prins et al. (I4) in a heat transfer problem. When the
necessary transformations are made, their solution, in terms
of average dimensionless concentration, is:

C* = 0.914 ¢—0.754v* + 0.053 ¢—8.59*

4+ 0.015 e—200m* . (17)

This analytical solution is represented in Figure 4 by the
broken line. The discrepancy between the analytical and
computer solutions is perhaps the result of both inaccurate
computation on the part of Prins et al. and the discretiza-
tion errors which tend to be on the optimistic side.

Figure 5 indicates, since Do, = Dco,, that with these
wall conditions and a homeostatic range for oxygen and
carbon dioxide concentrations, oxygenation is the limiting
factor in the laminar tangential flow case. In order to pre-
vent overelimination of carbon dioxide, some carbon diox-
ide partial pressure should be provided at the walls or,
alternatively, a higher Po, should be used at the walls.

Although the primary purpose of this study is to analyze
the blood flow in a curved channel, this solution is obvi-
ously applicable to the case of blood flow between two
flat sheets of permeable material, such as used in the early
Clowes-type membrane oxygenators (9).

FLUID-LIMITED ANALYSIS: FLOW WITH
SECONDARY CIRCULATION

The stability of fluid flow along a two-dimensional

aC*  92C* . :
15 (1 — 4x*2 =2~ curved channel under the action of a pressure gradient
( =) ay*  ox*2 (13) was first examined by Dean (5). When the curved chan-
Vol. 17, No. 3 AIChE Journal Page 543



nel is contained within two concentric cylinders, he found
that the motion becomes unstable when the Dean number,
Np = Nge (g/r:) %, exceeds a value of about 36; g is the
spacing between the walls, assumed small compared with
7;, the radius of the inner wall; and Nz, = V;ug/v is Reyn-
olds number based on the mean velocity Vi, of the un-
perturbed flow. A secondary cellular pattern of motion
ensues that is not unlike Taylor vortices. Using different
methods, Reid (I5) and Hammerlin (I1I) arrived at
similar conclusions. Brewster et al. (1) performed experi-
ments by pumping glycerine solutions of varying viscosity
between two horizontal, concentric cylinders and found
experimental values in good agreement with the theoretical
values. The induced vortices can be expected to greatly
enhance mass convection in the fluid system. In heat trans-
fer Gazley (10) reported a higher heat transfer rate in the
presence of Taylor vortices than with turbulent flow.

Using a dimensionless, pseudorectilinear coordinate (see
Figure 1)

R e 1 (18)
To—T; 2
the velocity distribution of the unperturbed flow is
Vy(a®) = —:23-Vm (1 — 4x*2) (19)
in which , o
Vm == 12i T g

The disturbance takes the form of vortices periodic in
the z direction and symmetric with respect to ¢. Figure 6
shows the streamlines for such vortices in an arbitrary
meridian plane. Based on a linear analysis, Reid (15) ob-
tained the shape of the velocity components of the dis-
turbance. If

z
y* = 4 and z* = — (20)
are defined as the dimensionless coordinates in the tan-
gential and axial directions, respectively, and an amplitude

factor is added, Reid’s results may be written as follows:

U= — —of-mp (x*) cos (az*) (21)
vy = — E—N—R—ea—a ¥ (x*) cos (az*) (22)
and '
A )Snl (@27) L % (%) sin (az®)  (23)
m+ %" g g

In the above equations, «, having a dimension of L?/T, is

xX* =

R g g o s T ——

[

Fig. 6. Normalized stream function for perturbed cellular motion
in curved channel.
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the amplitude factor, a = 3.98 is the dimensionless criti-
cal wave number of the disturbance

$x*) = 3} [Am Cn (=) + Bn Sm (3] (24)

m=1

is the dimensionless stream function, and

sinh (ax®)

y(x*) = ,Zl Am{am—-—-—smh(%a)

2 L
B —37 [@ Cm (2*) + Cn” (x°)]

Amt —

e [0t ah) G (x°) + 202 C7 (x“)]}
(Am* — at)2

cosh (ax*®)

B { by —————
+ mgl { cosh (1 a)

2xa yA & ” &%
—m[a Sm (x°) + Sw” (x*)]

4

4
+ = )2 [ (st + @) Sw’ (x%) + 202 Sw” (x*)]

(25)

gives the radial variation of the tangential velocity of the
disturbance. In Equations (24) and (25), Am, Bm, A, pm
are coefficients and

cosh (Amx*)  cos (Am x®)

Cn(x*) = 26
(=7) cosh (%2 Am) cos (¥ M) (26)
Sp(a0) = S Gem2) _ sin (=) - or

" sinh (% gm)  sin (1% pm)

22 1642 A tanh (% Am)
m = Amt — at (um? — a)? (28)

and
2 2, 3
by = 2pm _ 1642 pm? coth (12 pm) (29)
bt =@ (i )2

The first-order coefficients have been calculated by Reid,
and are

Ay =1.0, B;=0.2719, X\ = 4.7300407449,

w1 = 7.8532046241  (30)

The amplitude factor « cannot be determined from the
linear analysis. In a paper treating the nonlinear mechanics
of hydrodynamic stability, Stuart (20) showed that for
Couette flow

B ( T, )‘/*
= —— 3
« N 1 T (31)
in which 8 is a constant
T=Ng2 & (32)
75

is the Taylor number, and T is the critical Taylor number.
Calculations based on Stuart’s analysis indjcate that for
the Couette flow with a Taylor number 5% greater than
the critical Taylor number, the average disturbance veloc-
ity has a magnitude that is 3.7% as large as the average
velocity of the main flow. A similar nonlinear analysis is
not available for the pressure-driven flow of the present
study, and the above analysis for the Couette case was

May, 1971



used to estimate the strength of the secondary flow. Thus
for the present case, T, = (critical Dean number)? = 362,
and if the constant 8 is chosen as 50, that is

50 ( T, )Vz
= 11— 33
“= N T (33)

the resulting secondary flows are about the proper strength.
For exampie, if the ratio g/r;is 0.1 at T = (Np)2 = 5%
higher than the critical number, « is 0.093, giving an aver-
age disturbance velocity of about 4.3% of Vy. The sensi-
tivity of the resulting gas transport to the choice of 8 was
tested by using two other estimates of 8, one larger than
50 and one smaller than 50, These results are discussed
below.

Combining the main flow and the first-order approxima-
tion of the disturbance, one can describe the velocity field
of the equilibrium flow by

V, =0, = — i"gi [Cy (x°) + 0.2719 Sy (x°)] cos (az®)

(34)
Vy=V (2®) + vy

3 N
_é_vm (1 — 4x°2) _ 820 Nre

V=10,

y{x*) cos (az*) (35)

= —"[C; (x*) + 0.2719 S (x*)]sin (az*)
m+ %7 g

+ —;‘- [Cy (x®) + 0.2719 Sy (x°)]sin (az*) (36)

aC 0%C a2C
oz T ay*2 T T [1+5(C)]

aC aC aC
[V,‘ e TV P + V,* pu ] (39)
in which
V.* = — fa cos (az®) [Cy (x*) + 0.2719 8; (x°) ]
(40)
Vy° =15 NRe NSc (1 - 4x“2)

— 6 £a Nge cos (az®) y(x*) (41)
V.* = ¢ sin (az®)

1
[m [Cl (x“) + 0.2719 Sl (x#)]
+ Cy (x*) + 0.2719 Sy (x°) ] (42)

are the dimensionless velocity components. Furthermore

Tn® = tm/g (43)

Nge = Vm g/v (44)

Nse = v/D (45)

gt (-2
‘=55 Nrge =7
50 [ 1296 (r,° — 0.5)]‘/2
= 1-—
D NRe NR.e2 (46)

Since the main flow is in the tangential (y*) direction

in which and diffusion is dominantly normal to that direction, the
tangential diffusion term, in Equation (39), is of little
v(x*) importance and can be omitted. The remaining equation
_ [ 202 16 @2 M3 tanh (15 A;) ] sinh (ax*) 82C + 2C
Loyt (Mt — at)2 sinh (1 a) 9x%2  9z%2
2x° . _ [ . 9C , 9C . 9C ]
av iy [a2Cy (x*) + C” (x*)] =[1+fC)]| Vs PO +Vy P + V. Pye

b Ot @) [CF (%) + 262 G (x)]

(At —at)?
> 2 ;3 coth
+ 0.2719{[ 2m® 164y’ coth (% ) ]
pt—at (pt — at)?
cosh (ax*®) 2x* ,
-—_— S L S.” &
cosh (1% a) pit — at [e% 81 (x*) + Sy (x*)]
4
[ 4 at) S # 242 8, "
o L 0 50 () 4 2057 1)

(37)

Ci(x*), S1(x®), and A and p; are defined in Equations
(26), (27), and (30}, respectively.

The velocity components vanish at the boundaries of
the cylinders, that is

1
V,=V;=V,=0, at x=-_."-§- (38)

Oxygenation
Written in Cartesian coordinates, the dimensionless
equation for the oxygenation during equilibrium flow is

Vol. 17, No. 3
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(47)

is parabolic and can be solved numerically for a set of
appropriate boundary values,

Since the equilibrium flow is periodic along the axial
(2*) direction, and since within each period there are
two cellular vortices differing from each other only in the
sense of rotation, the gas transport problem in the annulus
can be studied by considering the domain of one single
cell. Thus the boundary conditions are

C(x*,0,2*) =C, ——:2l-<x* <%,
0<z°<—;'— (48)

c(—_;-,y'*,z*):c,-; y* =0 (49)

¢(5y0m )=Cs =0 (50)

and

2wy 0= () =0 G

9z* T 9zt

A finite-difference method was employed to solve the sys-
tem defined by Equations (47) to (51). Details of the
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Fig. 7. Average oxygen saturation in sample exiting channel ex-
changer as a function of channel length and parametrically os a
function of Reynolds number and dimensionless mean radius. The
flow is assumed to be the perturbed laminar flow with secondary
circulations and the exchange process is assumed to be fluid lim-
ited. The hemoglobin concentration is 15 9.%, the entrance satura-
tion is 75%, and the wall Po, is 715 mm. Hg. The Schmidt number
is 4,000.

Fig. 8. Isosaturation lines in meridian plane for perturbed laminar

flow in curved channel exchanger. The exchange process is assumed

to be fluid limited, and the wall Poy is 715 mm. Hg. The hemo-

globin concentration is 15 g.% and the entrance saturation is 75%.
The cup-mixed average saturation is 90%.

numerical solution are given in the Appendix.t A special
feature of the numerical method is the selective use of
forward and backward differences for the radial and axial
convective terms. Backward differences are used with posi-
tive velocities and forward differences with negative veloc-
ities. This technique makes the elements of the solution
matrix satisfy the condition given by Saul'yev (18) for a
unique solution.

Besides the three boundary values, four parameters are
involved in the solution of Equation (47). These parame-
ters are defined in Equations (43) to (46), respectively.
The dimensionless mean radius r,,*, representing the curv-
ature, dictates the critical Reynolds number at which the
vortices first appear. As the Reynolds number increases
beyond the critical value, the strength of the secondary
circulation increases and so does the expected enhance-
ment of the rate of oxygenation. When the values of 7"
and Ng, are known, the amplitude factor « is determined
since 8 takes on an assumed value. Throughout this analy-
sis 8 = 50, except when the specific effect of g is studied.
The Schmidt number, the other parameter, also plays an
important role in the mass transfer.

} The appendix has been deposited as document 01321 with the ASIS
National Auxiliary Publications Service, ¢/o CCM Information Sciences,
Inc., 909 Third Ave., New York 10022 and may be obtained for $2.00
for microfiche or $6.50 for photocopies.
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Since the condition for the appearance of the vortices is
Nge (g/1:)% > 36 (52)

a dimensionless mean radius of 10.5, that is, g/r; = 0.1,
requires that the Reynolds number be greater than 114.
At a Reynolds number of 115, the average velocity of the
secondary circulation is 2.87% of that of the unperturbed
main flow. A milder curvature, for example, r,* = 20.5,
requires a higher critical Reynolds number (Ng. = 161),
and when Ng, = 165 the secondary velocity is 2.14% of
the main flow velocity. Solutions obtained for both of these
cases are shown in Figure 7. Note that although the latter
case has a slightly stronger secondary circulation (mean
velocity is directly proportional to the Reynolds number
and 165 X 2.149, > 115 X 2.879%), it is less efficient in
oxygenation. The average residence time of a red cell in
the oxygenator is much shorter in the latter case. Other
values of r,* were not tried because a significantly smaller
rm® would probably have invalidated the small gap as-
sumption [Brewster et al. (1) used m* = 12.5 in their
experiments] and a significantly greater value would have
required too high a critical velocity. If a pair of cylinders
with a mean radius of 10.5 cm. and gap width of 1.0 cm.
is used and a mean velocity of 4.6 cm./sec. is maintained
(Rre = 115), 259, saturation increase can be achieved
in a distance of 30 cm. Compared with those obtained
without the secondary circulation, this represents an im-
provement of 580-fold, provided, of course, that the proc-
ess is still fluid limited.

Also shown in Figure 7 are the variations of solution
with the Reynolds number, when the dimensionless mean
radii are 10.5 and 20.5, respectively. A higher Reynolds
number, hence a stronger secondary circulation, yields a
higher oxygenation rate.

The broken line in Figure 7 represents the solution for
human blood, while all other solutions were obtained for
cattle blood. Its proximity to the cattle blood solution
demonstrates that the dissociation curve assumed has little
effect on the overall oxygenation process.

Isosaturation lines for an average saturation of 909, are
plotted in Figure 8. The effect of the seconda-y circulation
clearly can be seen from the spreading of the contour lines.
Since the vortex strength is weaker in the lower half, the
lines in the lower half do not move as far as those in the
upper half.

100 . "
Ng, 24000 / 5500 / 700Q
T o5 i
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Fig. 9. Parametric variation of fluid-limited oxygenation process

with Schmidt number for perturbed laminar flow in channel ex-

changer. The di ionl mean radius is 10.5, the Reynolds num-

ber is 120, the entrance saturation is 75%, and the wall Po, is
715 mm. Hg.
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An increase of Schmidt number means either an in-
creased viscosity or decreased diffusivity, both of which
have an adverse effect on mass transport as is evidenced
in Figure 9.

An investigation on the effects of oxygen pressure vari-
ation at the walls is illustrated in Figure 10. Comparison
of this figure with Figure 3 indicates that the effect of in-
creased oxygen pressure at the walls is less pronounced in
the present case than in the case where molecular diffusion
is the only mechanism of oxygen transport. In the present
case, as long as the pressure gradient between the wall
and the blood adjacent to it is steep enough to maintain
an ample supply of oxygen into the blood, the rate of oxy-
gen saturation depends largely on the rate of convection,
which transports the oxygen to the interior. Excess oxygen
near the boundary has little effect in bringing up the
average saturation.

The amplitude factor a is directly proportional to the
constant 8, which has been assumed to be 50. When the
Reynolds number is 115 and Schmidt number is 4,000, the
secondary circulation given by 8 = 50 is 2.879% of the

100 T T T !
P
2B a8 c .
[=4
2
B ool
g 4
-]
[2]
S 85| Wall Pressure (mmHg)
° I 0
o
S A 1075 1075
Z 80 B 715 75
c 150 75
75 | I} ] 1 | 1 |
) 5 10 5 20 25 30 )

y-L
g
Fig. 10. Saturation increase for various wall conditions with per-
turbed flow in channel exchanger. The dimensionless mean radius
is 10.5, the Reynolds number is 115, the Schmidt number is 4,000,
and the entrance saturation is 75%.
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Fig. 11. Average oxygen saturation in sample exiting channel ex-
changer as a function of channel length ond parametrically as a
function of secondary circulation strength. The process is assumed
to be fluid limited. The dimensionless mean radius is 10.5, the
Reynolds number is 115, the Schmidt number is 4000, the entrance
saturation is 75%, and the wall Po, is 715 mm. Hg.
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Fig. 12. Average carbon dioxide saturation in sample exiting chan-
nel exchanger as a function of channel length and parametrically
as a function of Reynolds number and dimensionless mean radius.
The flow is assumed to be the perturbed laminar flow with sec-
ondary circulgtions and the exchange process is assumed to be
fluid limited. The Schmidt number is 4,000, the entrance concen-

tration is 1.0, and the wall concentration is zero.

main flow. If 8 = 15 and B = 85 are assumed, the sec-
ondary flow is 0.86% and 4.89%, respectively, of the main
flow. Oxygenation rates of these three cases are shown
in Figure 11.

Carbon Dioxide Removal

_ The governing equation for the carbon dioxide removal
is

9*C* a92C®
9x*2 9z°%2
ac*® .9C* oc*
=10 [ \ 5 \ A\ ]
el ay* + 9z° (53)
in which
c—-GC
Cl=——u-
C.=C. (54)
The dimensionless boundary conditions are
C* (x*,y%,0) =1 (55)
1
c® ( - y®, z"‘) =0 (58)
c* ( _1_, y‘,z") = .C"—_C‘
2 Ce - Ci
=0if C,=C; (57)
and
- oC* ( 1r)
* y®, 0) = oyt — =0 5
az“(xy ) az“xy a (58)

The above system was solved numerically on a digital
computer and details of the numerical solution are given
in the Appendix. Figure 12 shows the difference in carbon
dioxide removal rate when the dimensionless mean radius
is varied. As might be expected, increasing the Reynolds
number speeds up the carbon dioxide removal. Results of
varying the Schmidt number are shown in Figure 13. The

concentration profile for C* = 0,855 is shown in Figure 14,
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Fig. 13. Parametric variation of fluid-limited carbon dioxide re-

moval process with Schmidt number for perturbed flow in channel

exchanger, The dimensionless mean radius is 10.5, the Reynolds
number is 115, and the entrance concentration is 1.0.

Summary

Corresponding solutions for oxygenation and carbon di-
oxide removal may be compared. As concluded in the
previous section, oxygenation is the limiting factor, as long
as these wall conditions are used. In order to prevent over-
elimination of carbon dioxide, the dimensionless carbon
dioxide concentration corresponding to the length required
for complete hemoglobin saturation should be found and
then the carbon dioxide partial pressure needed at the walls
may be computed by

C* = 40 — (Pcoz)w
47 — (Pcog)

The results of this analysis indicate that the fluid system
is very efficient in achieving the desired oxygen saturation
and carbon dioxide elimination. Whether a practical oxy-
genator can be constructed to have the calculated efficiency
depends on the permeability of the wall.

(59)

WALL-LIMITED ANALYSIS

The rate of gas diffusion through the annular walls has
been determined in a previous paper already cited (4).
Since the fluid-limited analyses above were carried out in
Cartesian coordinates, it is convenient to con-ider the wall-
limited analysis in the same coordinates.

Derived from Fick’s law the mass flux {per unit width)
through two parallel membranes can be shown to be

P{{—P{ Poo_Po

F:L(DK),‘,( = -

) M/ (min.) {em.)
(60)

where L is the length of the plates, (DK),, is the wall
permeability and T; and T, are the thicknesses of the
inner and outer membranes, respectively. The letter P
denotes partial pressure and the subscripts have the same
meaning as those in Figure 1. When the annular gap is
small, as assumed here, Equation (60) yields almost identi-
cal results as given by the formula based on cylindrical
coordinates.
Recalling the definition in Equation (5)

1= (55 v

and defining the flow rate per unit width by

g=Vmg (61)
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the percentage increase in saturation after a dimensionless
length y* is

S-S5,
Vmgz) ° (Pﬁ_‘Pi Poo_Po)
= DK
( p )Y PR \—F—+—F
100 Pi—P;  Po—P,
— =0.288 ( )
JIx107g B\t T, )%
(62)

In the above calculations (DK), = 1.571 x 10-i M/
(min.) (em.) (mm. Hg) (7) and D = 6.0 X 10~* sq.cm./
min. (12) were used. The 9.1 X 106 represents the moles
per liter of oxygen contained in fully saturated blood.

If a pressure difference of 640 mm. Hg is maintained
across each membrane, Equation (62) becomes

11
S — S, = 184 gy* (T+T_) % (63)

For carbon dioxide removal, a mass balance equation
may be written as
P P

P@® p_p,

1 1 )
= D —_— —_
«q LK), (4 5-) (69
in which « is an assumed linearized proportionality between
Pco, and total carbon dioxide content of the blood. Evalu-
ating the integral, regrouping, and using 6.0 x 10—*
sq.cm./min. for carbon dioxide diffusivity in blood, 2.51
X 107" M/(ml) (mm. Hg) (23) for «, and 8.33 x 10—

0.4

0.6

08

Average Concentration= 0.855

1.0
0.8
. o6 —————

0.4

Fig. 14. !soconcentration lines in meridian plane for perturbe.d

laminar flow in curved channel exchanger. The exchage process is

a-sumed to be fluid limited, and the wall concentration is zero.
The cup-mixed average concentration is 0.855.
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M/ (min.) (cm.) (mm. Hg) for (DK),, (7)
P(L) — P,
n—m—o——m——

P(O) - Pw

If P(0) = 47 mm. Hgand P, = 0

1
= — 0.553 gy° (-1-,— + ) (65)

T,

P(y®) = 47 exp [— 0.553 gy* (—;——i— ; ) ]
" (e6)

Equations (63) and (66) may be applied to calculate
the dimensionless lengths necessary for the required satu-
ration increase and carbon dioxide pressure drop. These
lengths can then be compared with those obtained in the
fluid-limited analysis to determine whether the oxygenator
under consideration is fluid limited or wall limited.
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NOTATION

a = dimensionless critical wave number for disturb-
ance

function as defined by Equation (28)
coefficient matrix for numerical scheme
expansion coefficient

function as defined by Equation (29)

constant vector in numerical scheme

expansion coefficient

gas concentration

function as defined by Equation (26)

Lo piezometric gradient along channel
Tm O

gas diffusivity

oxygen or carbon dioxide sink characteristics in

the blood

gas flux per unit length of the annulus

width between channel walls

coefficient

x* coordinate index for finite-difference scheme

z* coordinate index for finite-difference scheme

y* coordinate index for finite-difference scheme

gas solubility

length of active exchange section

dimensionless parametric number

gas partial pressure

flow rate per unit width of channel

radial coordinate

percentage of hemoglobin saturated with oxygen

function as defined by Equation (27)

perturbation velocity

blood velocity

coordinate transverse to channel gap

coordinate along channel

coordinate along channel width

www§>>§
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&lgpo
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3

3

R O R R L R e A nks Ko
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Greek Letters

a = amplitude factor for perturbation

B constant scale factor for intensity of secondary
circulations

function as defined in Equation (25)

assumed linearized proportionality between Pco,
and total carbon dioxide content of the blood
expansion coefficient

absolute viscosity

I

Y
K
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pm = expansion coefficient

v = kinematic viscosity

¢ = parameter defined in Equation (46)

¥ = dimensionless stream function

Subscripts

c = critical value

CO, = carbon dioxide

D = Dean

e = value at entrance to active section of channel ex-
changer

i = at outer surface of inner wall

ii = at inner surface of inner wall

m = mean value

0 = at inner surface of outer wall

oo = at outer surface of outer wall

0O, = oxygen

Re = Reynolds

w = value of variable at wall or value of wall parameter

x = component along  direction

y = component along y direction

z = component along z direction

Superscripts

* = dimensionless value

derivative of function
cup-mixed average

’
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